As a successful theory for heavy quarkonium, nonrelativistic QCD (NRQCD) factorization now encounters some notable difficulties in describing quarkonium production. This may be due to the inadequate treatment of soft hadrons emitted in the hadronization process, which causes bad convergence of velocity expansion in NRQCD. In this paper, starting from QCD we propose a new factorization approach, soft gluon factorization (SGF), to better deal with the effects of soft hadrons. With a careful velocity expansion, the SGF can be as simple as the NRQCD factorization in phenomenological studies, but has a much better velocity expansion convergence. The SGF may provide a new insight to understand the mechanisms of quarkonium production and decay.
As a successful theory for heavy quarkonium, nonrelativistic QCD (NRQCD) factorization now encounters some notable difficulties in describing quarkonium production. This may be due to the inadequate treatment of soft hadrons emitted in the hadronization process, which causes bad convergence of velocity expansion in NRQCD. In this paper, starting from QCD we propose a new factorization approach, soft gluon factorization (SGF), to better deal with the effects of soft hadrons. With a careful velocity expansion, the SGF can be as simple as the NRQCD factorization in phenomenological studies, but has a much better velocity expansion convergence. The SGF may provide a new insight to understand the mechanisms of quarkonium production and decay. Introduction-As the simplest bound state of strong interactions, heavy quarkonium is a perfect system to study both perturbative and nonperturbative physics of QCD. Ever since the discovery of the first heavy quarkonium J/ψ in 1974, a lot of efforts have been devoted to interpret the production and decay mechanisms of heavy quarkonium. Among them, the most notable theories include the color-singlet model [1] [2] [3] and the nonrelativistic QCD (NRQCD) factorization theory [4] 1 . The NRQCD factorization approach is successful. With the color-octet mechanism, NRQCD can solve the infrared divergence problem encountered in the CSM, explain the ψ(2S) surplus [10] , and describe the inclusive quarkonium production [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . In addition, although there is still no convincing all-order proof of NRQCD factorization for quarkonium production, it was found that factorization may hold to next-to-next-to-leading order (NNLO) if long-distance matrix elements (LDMEs) are modified to be gauge complete [23] [24] [25] .
Nevertheless, studies in recent years have shown that NRQCD factorization in describing quarkonium production may encounter some notable difficulties. (1)Polarization puzzle: The leading order calculation in NRQCD implies that ψ(nS) and Υ(nS) produced at hadron colliders are transversely polarized due to
1 channel dominance [26] [27] [28] . But experimental measurements found these states almost unpolarized [29] [30] [31] [32] [33] . Thanks to nextto-leading order calculations [34] [35] [36] [37] [38] [39] [40] , the observed polarizations of J/ψ and Υ(nS) can be qualitatively explained, but it is still hard to understand the polarization of ψ(2S) [41] . (2) Hierarchy problem: The 1 For quarkonium production only, there are two more wellestablished theories. One is the color-evaporation model [5, 6] , which is a phenomenological model that may not be able to derive from first principles of QCD. The other is QCD collinear factorization [7] [8] [9] , which is rigorous but can only describe high momentum quarkonium production.
best fit of J/ψ yield data at high transverse momentum in hadronic collisions determines two linearly combined LDMEs, M 0 = 0.074GeV 3 and M 1 = 0.0005GeV 3 [20] (the J/ψ polarization data requires almost the same two combined LDMEs [36] ). There is a two-orders difference between the two combined LDMEs. However, velocity scaling rules in NRQCD [4] expect these LDMEs to be at the same order of magnitude. (3) Universality problem: A necessary condition for NRQCD factorization is that LDMEs are universal, i.e. process independent. Yet phenomenology studies show that M 0 extracted from hadron colliders [20, 21, 37] is much larger than the upper bound set by e + e − collisions M 0 < 0.02GeV 3 [42] .
In this paper, we show that the velocity expansion in the present NRQCD framework suffers from large high order corrections due to ignoring the momentum of soft hadrons emitted in the hadronization process. Thus, by including only a few low order contributions, NRQCD is hard to provide good descriptions for quarkonium physics. Starting from QCD, we propose a new factorization approach to better deal with the effects of soft hadrons. The new approach has a much better convergence in the velocity expansion, and it may provide a new insight to fully understand the mechanisms of quarkonium production and decay.
Factorization formula-Let us first consider the production of a heavy quarkonium H in a hard process. It is sufficient to assume that all hard scales are at the order of heavy quark mass m Q , because if there is a much larger scale, we can use the collinear factorization [7] [8] [9] to factorize it out first. Besides the hard scale, there are also soft scales involved in the problem, including the typical momentum m Q v and energy m Q v 2 of the heavy quark inside H, and the QCD nonperturbative scale Λ QCD . We assume m Q >> Λ QCD so that it is possible to calculate the production of heavy quark-antiquark (QQ) pair perturbatively.
Based on the above assumption, to produce a H, it is necessary to first produce a intermediate QQ pair at a short distance, and then the pair evolves to H at a much larger space-time scale. We find that the integration of the relative momentum between the QQ pair is pinched at a small region [43] . Thus, to keep only leading contributions, we can put both the Q andQ on mass shell in the short distance hard part, and express the H production in terms of soft gluon factorization (SGF) (1) where momenta of emitted soft hadrons, which are mainly soft gluons perturbatively, are considered. As a result, in the SGF the momentum of the physical quarkonium P H is different from the total momentum of the intermediate QQ pair P , which is different from the treatment in NRQCD. Contributions induced by off-shellness of the QQ pair can be combined with contributions from QQ+gluons as intermediate states to obtain gauge invariant power corrections [43] , which we will not discuss in this paper.
In Eq. (1), dσ n (P ) are perturbatively calculable hard parts that produce a QQ pair with quantum numbers n, and momenta p Q = P/2 + q and pQ = P/2 − q. Quantum numbers n can be expressed in terms of spectroscopic notation
J , with c = 1, 8 denotes color singlet or color octet of the pair. On-shell conditions result in P · q = 0 and
Furthermore, partial wave expansion has been applied to the angular distribution of q in hard parts, and thus there is no q dependence in hard parts. F n (P, P H ), which we call soft gluon distributions (SGDs), are nonperturbative functions that describe the hadronization of QQ pair to H. They can be defined as expectation values of bilocal operators in QCD vacuum,
where Γ and Γ ′ are color and angular momentum projection operators that define n, Φ(x) are gauge links that enable gauge invariance, which are similar as that in NRQCD [23] [24] [25] . Because NRQCD LDMEs are defined by seemingly local operators, the requirement of gauge links is not so manifest and only found to be needed at NNLO level, but for SGDs, the gauge links are very clearly needed because they are defined by bilocal operators. With the definition of SGDs, short distance hard parts can be obtained order by order in perturbation theory by matching both sides of Eq. (1).
We note that phenomenological models that are similar, but not equivalent, to Eq. (1) already existed in the literature [44, 45] . An apparent difference is that, by expanding relative momentum of intermediate QQ pair but keeping its invariant mass away from 2m Q , external Q andQ in hard parts are not on mass shell in Ref. [44] . In addition, SGF is based on full QCD which can be clearly seen from the operator definition in Eq. (2), while Refs. [44, 45] are based on NRQCD effective theory [46] . Finally, SGF is able to estimate and systematically improve theoretic uncertainties.
Proof of SGF is equivalent to the proof of NRQCD factorization to all orders in velocity expansion. The most dangerous diagram that may ruin the factorization is the elastic scattering between QQ pair and hard jets by exchanging gluons [43] , the kinematic region of these exchanged gluons are called "Glauber" region in literature. We find that IR divergence from the "Glauber" region at one-loop order is purely imaginary, which cancels with the contribution from its complex conjugate diagram [43] . Therefore, SGF is proven to hold at one-loop order. Having two-loop studies of NRQCD factorization [23] [24] [25] , it is hopeful that SGF may also hold to two-loop order, which however still needs further examination.
Simplification-Although the factorization formula in Eq. (1) is rigorous and accurate, it is hard to use in practice because of its complication. Especially, determining many four dimensional nonperturbative functions by experimental data is almost impossible. Therefore, we will do further expansions to simplify the SGF formula, but keep its rigorousness untouched. All of our expansions are well motivated, and their convergences will be tested in the next section. Although we will only give explicit form of leading contribution for each expansion, higher order contributions can also be systematically worked out.
In the rest frame of H, SGDs in Eq. (1) have support only in the region P
, where λ ∼ a few hundreds MeV << M is the typical energy of emitted gluons. Thus we can expand O(λ) and O(λ 2 /M ) terms in hard parts. In this expansion, although space components of P µ rest are O(λ), the convergence should be much better than usual λ expansion because P rest is integrated out symmetrically around the origin. The leading term in this expansion gives
where z = mH M , and
In this way, we significantly reduce the complication of input functions from four-dimensional to one-dimensional. We call Eq. (3) as SGF-1d and Eq. (1) as SGF-4d. Note that a similar formula that relates momentum of χ cJ to its decaying particle J/ψ, p J/ψ ≈ m J/ψ mχ cJ p χcJ , was first introduced by us in Ref. [19] , and latter also used in other publications [37, 47, 48] . The approximation was found to be very good, with only 8% deviation from full results for both yield and polarization measurements [47] . We thus expect the approximation Eq.(3) to be also very good.
Furthermore, as hard gluon emissions are excluded from F H n (z) and very soft gluon emissions are suppressed by phase space, F H n (z) should peak around z = z n ∼ 1 − O(λ/m H ). If the distribution of F H n (z) is narrow enough, we can approximate it by δ(z − z n ) O H n . Then the SGF becomes
which we call SGF-0d. While this formula is as simple as NRQCD factorization, we will see later that the lowest order SGF-0d is a much better approximation of real physics than that of lowest order NRQCD.
In hard parts of all the above SGFs, there are at least two independent hard scales, m Q and M . They are, however, approximately related, M = 2m Q + O(λ). We thus can further simplify hard parts by expanding m Q around M/2. We will see that there is no large corrections in this expansion.
Up to now, we have given explicit formulas for quarkonium production in SGF-4d, -1d and -0d. For quarkonium decay, there are similar formulas.
The NRQCD factorization can be recovered by SGF0d Eq. (5) by setting z n = 1 and then expanding M around 2m Q in hard parts. Both of the two operations are not preferred by us, because they will result in too large relativistic corrections.
J/ψ hadroproduction-To test SGFs, we apply them to the J/ψ hadron production via gluon fragmentation. A charmonium H production cross section via gluon fragmentation is given by
where dσ g (p T /x) is the well-known hard part that produces a gluon with transverse momentum p T /x, and D g→H (x) is the fragmentation function of a gluon to a H that will be determined in the following. Using the SGF-4d Eq. (1), we obtain
wherē
which only depends on x/y and P 2 because of Lorentz symmetry as well as boost invariance along "+" direction. Using the SGF-1d Eq. (3), we obtain
In Eqs. (7) and (9),D n (y, P 2 ) can be calculated per-
1 channel has non-vanishing contribution [43] 
with ∆ = M 2mQ . Finally, for the nonperturbative function F H n (P, P H ), we simply employ an existing model in Ref. [44] ,
where k = P −P H is a time-like momentum with positive energy k 0 . Λ ∼ m Q v 2 is an exponential cutoff, which we will choose 500MeV. As we are only interested in cross section ratio in the following, the value of a is irrelevant. We further set m Q = 1.55GeV to study J/ψ production. We note that, our conclusions are in fact independent of these choices. With these inputs in hand, fragmentation functions calculated by using different methods are shown in Fig. 1 . In this figure, D g→H (x) is similar to D 1d g→H (x) but calculated by setting m Q = M/2 in Eq. (10). We find that fragmentation functions calculated by using SGF-4d and SGF-1d have different shapes, but they have the same accumulated values,
This is because, SGF-4d and SGF-1d are equivalent for the integrated fragmentation function. The fragmentation function obtained by expanding m Q to the lowest
g→H (x), has only a small difference from the complete result D 1d g→H (x). We also find that F
(z) has almost the same shape as that of D 1d g→H (x), which is δ-function-like. For cross section, we will find that SGF-0d with z 0 = 0.86 can well reproduce SGF-4d. To compare with NRQCD approach, we choose
which is different from its value defined in MS renormalization scheme. Using the above fragmentation functions, we can calculate J/ψ cross section based on Eq. (6). Let us assume that the cross section calculated by SGF-4d is "exact", and examine how good are the SGF-1d, SGF-0d, and NRQCD expansions. To this end, we show ratios of J/ψ differential cross section calculated by different methods over that calculated by SGF-4d in Fig. 2 . We find that the SGF-1d result is very close to the "exact" value, with largest error less than 6%. This implies that, as expected, the SGF-1d expansion should be very good. By expanding m Q to the lowest order, SGF-1d (0) also provides a good approximation, with deviation smaller than 10%. The SGF-0d can well reproduce SGF-4d if we choose z 0 = 0.86, as shown in Fig. 2 . Therefore, we expect that the convergence of velocity expansion in SGF is good in general.
On the contrary, the lowest order NRQCD result is larger than the "exact" value by more than a factor of 4. There are two main sources for the large deviation. One comes from the hard part of Eq. (6), which has an approximate scaling behavior dσ g (p T /x) ∼ (p T /x) −4 with average value of x being around 0.86. Yet, by ignoring soft gluons emission, NRQCD approximates x ≈ 1, which enhances the total result by almost a factor of 2. The other one comes from Eq. (10) . By ignoring soft gluons emission and then expand M around 2m Q , NRQCD approximates ∆ ≈ m J/ψ /0.86 2mQ ≈ 1.16 by 1, which enhance the total result by another factor of 2. Roughly speaking, the lowest order NRQCD approximates 0.86
9 by 1 in this problem, which is hard to be recovered by traditional relativistic correction in NRQCD [49] . Probably, the velocity expansion in NRQCD is too bad to apply for charmonium production at hadron colliders.
Summary and outlook-In this paper, we propose a soft gluon factorization (SGF) theory to describe quarkonium production and decay, which is based on full QCD but not NRQCD effective theory [46] . The SGF, on the one hand, is as rigorous as NRQCD factorization, and on the other hand has a good convergence in velocity expansion, so the lowest order approximation may capture most important physics. Especially, the SGF-1d Eq. (3), which is simple enough for phenomenological studies, is a very good approximation of full SGF-4d Eq. (1).
Whereas for NRQCD factorization, we find that the lowest order result in velocity expansion can deviate from the full result by more than a factor of 4, mainly due to ignoring soft gluon emission. With so large deviation, it is not surprised that the NRQCD calculation faces many difficulties. The universality problem may be due to the fact that relativistic effects are different in different processes. As shapes of, e.g., differential cross sections in various channels can be changed in different ways by large relativistic effects, fitting LDMEs with lowest order NRQCD is not reliable, which may cause the hierarchy problem. Moreover, considering the large relativistic effect on yield, we may also expect significant effect on polarization, which may alter the transverse polarization of 3 S [8] 1 channel. Hopefully, all these difficulties may be resolved or relieved in the SGF framework with well controlled relativistic corrections. Further examinations should be performed on the above expectations.
Certainly, there are still lots of work to do. The most important thing is to prove the SGF to all orders in perturbation theory. A complete proof at two-loop level is also very helpful. Thanks to Eq. (3) and the proposal of expanding m Q around M/2, the complexity of SGF in phenomenological study should be similar to that of NRQCD factorization, which makes the work much easier.
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